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ABSTRACT
The specularity of phonons at rough crystal surfaces is a fundamental aspect
of phonon transport in nanostructures. It directly impacts engineering prob-
lems such as heat conduction in nanostructures and dissipation in nanome-
chanical resonators. At room temperature, the available guidance from the-
ory is limited to fully diffuse transport under the condition of small surface
roughness. Recent experiments in thermal transport suggest that there may
exist large gaps in understanding phonon interactions with rough surfaces,
especially when the roughness dimensions are comparable to phonon wave-
lengths. To consider such refinements, this thesis focuses on spectroscopic
measurements of specularity in silicon nanostructures with well-characterized
surface morphologies. We employ a femtosecond laser pump-probe setup to
excite and detect confined acoustic phonons (∼ 18 - 200 GHz) in freely-
suspended silicon membranes and nanowires. Surface scattering dominates
intrinsic Akhiezer damping at frequencies > 60 GHz, thereby enabling us to
probe phonon-boundary interactions over wavelengths ∼ 42 - 140 nm. To
quantitatively understand the dependence of boundary scattering on RMS
roughness and correlation length, we obtained detailed statistics of the sur-
faces using HRTEM and AFM imaging. For silicon membranes, we find that
both Ziman and perturbation approach for roughness scattering successfully
explain the nearly specular reflection of ∼ 0.1 THz phonons from surface
with ∼ 1-nm scale roughness. The measured phonon specularities for silicon
nanowires, however, are significantly lower in comparison to membranes for
the frequency range ν ∼ 18−100 GHz. The reduction in specularity is caused
by additional scattering from multiple surfaces introduced in a nanowire. Us-
ing a remarkably simple normalization scheme, we show that the scattering
from multiple surfaces can be effectively decoupled. The magnitudes of the
(normalized) phonon lifetimes are in good quantitative agreement with the
ii
predictions of Ziman approach but does not perfectly explain the frequency
dependence. The τ ∼ ν−1.7 dependence observed in our experiments is sug-
gestive of weak phonon localization which cannot be understood within the
existing framework of single scattering (or equivalently first Born approxima-
tion). This work helps to advance the fundamental understanding of phonon
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Recent measurements of thermal transport in nanostructures have inspired a
reexamination of the specularity of phonons scattering at surfaces. Specular-
ity is difficult to measure directly in heat conduction experiments. Instead,
a standard empirical approach is to assume an effective specularity across all
phonon modes [13] without considering any wavelength dependence. Within
this approach, perfectly diffuse scattering (zero specularity) satisfactorily ap-
pears to explain the majority of thermal conductivity data [14] in structures
with characteristic dimensions larger than ∼0.5 µm as shown in Fig. 1.1.
Since dominant phonon wavelengths at room temperature approach a few
nm and are comparable to the typical cleanroom processed surface roughness,
diffuse scattering appears physically reasonable at room temperature. How-
ever, it is difficult to argue that phonons should scatter diffusely from similar
surfaces even at low temperatures. The gap in understanding wavelength-
dependent surface scattering is evident in the confusion over transport in
more complicated nanostructures such as metal-assisted chemically etched
nanowires, core-shell nanowires or holey silicon [8, 15–17]. Failure of the
effective approach in these select cases has prompted a theoretical exami-
nation of the wavelength dependence in phonon surface scattering [18–20].
The availability of systematic data on specularity, however, remains a chal-
lenge. Our measurements on the specularity of GHz range acoustic phonons
would help advance the understanding of thermal transport at low temper-
atures where long wavelength acoustic phonons are the dominant carriers of
heat [21].
Specularity of a surface to an incident wave depends on the relative mag-
nitude of the wavelength to the roughness height and correlation length [22].
The exact dependence can vary substantially based on simplifying assump-
tions. Which theoretical results from wave scattering theory could be applied
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Figure 1.1: Summary of intrinsic material thermal conductivity reported in
literature [1–8] at different limiting dimensions. The reduction in thermal
conductivity at lengths scales comparable to ∼ 0.5µm and less is attributed
to boundary scattering. The black dotted line labeled as Casimir limit
corresponds to completely diffuse scattering. (Reprinted with permission
from Jun Ma [9].)
to phonon transport remains unclear. An innovative measurement [23] using
superconducting tunnel junctions to identify individual phonon frequencies
found zero specularity for phonons incident at nm scale roughness, even at
. 0.1 THz frequencies. Interestingly, the report found that the measured
zero specularity was inconsistent with that predicted by a formula based on
the Rayleigh-Rice theory [20, 24] (also referred to as the Ziman formula in
the phonon transport literature [25]). The formula applies in the limit of an
infinite correlation length, and under the assumption of small roughness in re-
lation to the incident wavelength. The specularity is then given by e−16π
2η2/λ2
where η is the root mean square height of surface roughness and λ is the wave-
length. In contrast, in another experiment [26] on coherently excited phonon
modes in silicon membranes, the Ziman expression was used to fit data in
the similar frequency range (20-500 GHz). The lack of detailed statistics of
surface roughness in either measurement further makes data interpretation
difficult. In this dissertation, we show that the roughness statistics from de-
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tailed surface characterization is necessary to interpret boundary scattering
data. Distinct from these measurements, we find that the coherently excited
acoustic phonons in silicon membranes (20-118 GHz) reflect specularly from
surfaces with typical . 1 nm roughness. The observed phonon specularities
are also in excellent agreement with the predictions of Ziman model. More
recently, Ravichandran et al. [27] also observed specular reflections for ∼
THz thermal phonons in suspended silicon membranes via measurements of
thermal conductivity using the transient-grating technique.
Next we probe the interactions of guided acoustic phonons (18-200 GHz)
with the boundaries of a rectangular cross-section nanowire which possess
remarkably higher sidewall RMS roughness (& 4 nm). The measured spec-
ularities in silicon nanowires are significantly lower in comparison to mem-
branes over the frequency range ∼ 20 - 118 GHz. The reduction in spec-
ularity is caused by additional scattering from multiple surfaces introduced
in a nanowire. We find that the predictions from Ziman model are in good
quantitative agreement with the experimental data but does not perfectly
explain the observed frequency dependence of phonon specularities.
The interaction of . THz phonon frequencies with rough surfaces are par-
ticularly important for thermal transport at low temperatures and nanome-
chanical resonators. Rapid advances in lithography and materials synthesis
have enabled the development of nanoelectromechanical systems (NEMS)
that find applications in ultra-sensitive detection of force [28, 29], molecular
mass [30], charge [31] and spin [32]. The mechanical quality factor (Q) of
NEMS is intrinsically limited by scattering with phonons [33–35]. However,
for nanoresonators with membrane and beam geometries, extrinsic processes
such as surface scattering [26] and clamping losses [36, 37] can dominate at-
tenuation in practice. Whichever is the case, a comprehensive understanding
of the acoustic phonon transport at nanoscale is crucial in the improvement
of device performance. Since there is a definite trend toward higher opera-
tional frequencies [38,39] (∼ GHz) in NEMS, mostly due to the potential gain
in Q-factor, we have fabricated nanostructures with characteristic dimension
down to 36 nm.
3
1.1 Thesis Organization
The dissertation is organized as follows.
In Chapter 2, we first present a quick review of the key intrinsic attenuation
mechanisms that are relevant to acoustic phonons in the gigahertz range. In
particular, we explore the magnitude and the frequency dependence of the
phonon lifetime τ for phonon-phonon interactions, thermoelastic damping
and phonon-electron interactions. We then use the perturbation theory and
Ziman model to quantitatively evaluate phonon-boundary interactions under
the assumption of small roughness (η/λ << 1) and long correlation length
(λ/L << 1) respectively. The theoretical framework presented here is essen-
tial to understanding the specularity of phonons observed in our experimental
measurements.
In chapter 3, we describe our pump-probe measurements on ultrathin (36-
205 nm) suspended silicon membranes to study phonon-boundary interac-
tions in the frequency range ∼ 20− 118 GHz. We show that the often-cited
Ziman formula for phonon specularity is in good agreement with the data,
contradicting previous results. Our measurements also highlight the impor-
tance of obtaining detailed surface statistics in order to interpret surface
scattering data.
In chapter 4, we extend our study of spectroscopic surface scattering to
silicon nanowires. The presence of multiple surfaces in the nanowire cause
additional scattering of the guided acoustic phonons. We present both em-
pirical and theoretical evidence that the interaction of phonons with mul-
tiple surfaces can be effectively decoupled via a normalization of phonon
lifetimes.
Finally, in chapter 5, we summarize the main research contributions of this







In this section, we briefly review the key intrinsic attenuation mechanisms
for ultrasonic waves in dielectric crystals. We assume a clean surface and
ignore attenuation due to surface impurities/defects of any kind except nom-
inal surface roughness. Intrinsic damping mechanisms have been studied in
detail previously [40–45]. Here, we retrace the relevant ones for completeness
and then consider the extrinsic mechanism of roughness scattering compre-
hensively in the next section.
2.1.1 Phonon-phonon interaction
Depending on the frequency of the acoustic phonon mode and tempera-
ture, the phonon-phonon interactions can be modeled using the Landau-
Rumer [46] or the Akhiezer approach [47]. In the Landau-Rumer model,
the interaction of thermal and acoustic phonons occurs via anharmonic three
phonon scattering. The theory is valid when ωτth >> 1, where ω is the
angular frequency of the acoustic phonon, and τth is the thermal phonon re-
laxation time. In the alternate Akhiezer approach, acoustic phonons act as a
driving force to perturb the equilibrium population of thermal phonons. Non-
equilibrium phonons collide with each other and remove ordered energy from
the acoustic phonon mode as heat. This approach is valid when ω << kBT/~,
where kB is Boltzmann’s constant, T is the temperature, and kBT/~ is the
average thermal phonon frequency. A fundamental difference between the
two approaches is that the Landau-Rumer method evaluates phonon-phonon
5
scattering rates under the single mode relaxation approximation and hence,
ignores interactions amongst thermal phonons. The latter significantly af-
fects the attenuation of of an acoustic phonon when ωτth 6 1. For silicon
at room temperature, τth is estimated to be of the order of tens of picosec-
onds [43]. The frequency of interest here, ∼ 20-118 GHz, corresponds to
the condition ωτth ∼ 1 and therefore, Akhiezer’s model is valid. A pictorial
description of the akhiezer damping mechanism is shown in Fig. 2.1. We
use a simplified expression provided by Daly et al. [43, 48] to evaluate the






1 + ω2τ 2th
(< γ2 > − < γ >2), (2.1)
where C is the volumetric heat capacity, ρ is the density, γ is the grüneisen
parameter, and <> denotes an average over all modes. At low frequen-
cies (ν ≤ 24 GHz), the phonon lifetimes predicted by Akhiezer mechanism
(Fig. 3.11, solid green line) are in close agreement with the measured values.
At higher frequencies (ν ≥ 60 GHz), the Akhiezer model overestimates the
data by at least an order of magnitude. The Akhiezer mechanism also pre-
dicts nearly a constant value of lifetime over the entire frequency range (20
- 118 GHz), different from the observed frequency dependence of τ .
2.1.2 Thermoelastic Damping
The attenuation of elastic waves propagating through a dielectric crystal
due to thermoelastic damping has been previously studied [44]. Here, we
simplify the results for an acoustic wave traveling on an isotropic substrate.
Thermoelastic damping is different from Akhiezer in that phonons achieve
equilibrium through spatial redistribution rather than through Normal and
Umklapp processes. An acoustic wave passing through a solid creates regions
of opposite strain. The compressed regions become hotter compared to the
expanded regions which results in diffusive transport of heat between the
two. The irreversible flow of heat removes energy from the wave. In order
to estimate the attenuation due to heat conduction, we first consider the
governing equations of thermoelasticity
6
Figure 2.1: Schematic illustration of the akhiezer damping mechanism.
The acoustic wave modulates the phonon (black circles) frequencies via the
Gr
...
uneisen parameter. The modulation results in an effective temperature
difference (∆Th + ∆Tc) across different groups of thermal phonons. The
irreversible heat flow (or energy exchange) between the “hot” and “cold”
phonons removes ordered mechanical energy from the acoustic wave.
(Reproduced with permission from De et al. [10].)
σij = Lεkkδij + 2Gεij − βδijθ, (2.2)
ρCvṪ + 3BαToε̇ii = k∇2T, (2.3)
where σij, εij are the components of stress and strain tensor, L is the Lamè
parameter, G is the shear modulus, θ = T − To is the excess temperature,
ρ is the density, Cv is the specific heat at constant volume, B is the bulk
modulus, k is the thermal conductivity and β = αE/(1 − 2ν). Here, α is
the thermal expansion coefficient, E is the Young’s modulus, and ν is the













We can evaluate the above expression for entropy generation from Eq.
(2.2) and Eq. (2.3) [44]. The rate at which energy is dissipated is given
7
by




< εii∇2εii >dV. (2.5)
2.1.3 Phonon-electron Interaction
Another mechanism for attenuation is the interaction of surface acoustic
phonons with conduction electrons inside the metallic structures. At low
frequencies, when the electron mean free path, Λ is much smaller than the
acoustic wavelength, λ, we can simplify Pippard’s [45] formulation to evaluate








where ne is the number of free electrons per unit volume, me is the rest mass
of an electron, vF is the Fermi velocity and τe is the relaxation time of the
electron.
2.2 Extrinsic Mechanism (Phonon-boundary
interaction)
The problem of boundary scattering from rough surfaces has been studied
extensively both theoretically and experimentally for nearly a century. The
inceptive work almost exclusively focused on understanding the scattering
of electromagnetic (EM) radiation from ocean surfaces and earth’s terrain
thereby enabling improvement upon existing design of radar systems. Fur-
ther, a majority of the theoretical development was based on the assumption
of single scattering (or equivalently first Born approximation) where the in-
cident EM wave interacts with a surface asperity only once before being
scattered into the bulk. Detailed investigations to include the effect of multi-
ple scattering were driven by experimental observations from disparate fields
such as electron transport [49, 50]. More specifically, the conduction of elec-
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trons through a disordered medium infused with impurities shows anomalies
at low temperatures where the mean free path of electrons due to collisions
with impurities is smaller compared to its wavelength. The electrical con-
ductance reduces drastically as temperature decreases and is attributed to
coherent effects which result in enhanced backscattering of the electrons, a
phenomenon commonly referred to as weak localization [51]. When the in-
teraction between electrons and impurities becomes sufficiently large, strong
(or Anderson) localization [52] is observed where the electrical conductance
can completely vanish at absolute zero temperature. While the observation
of weak localization is discussed for electron transport, it is now understood
that identical behavior can also be observed for electromagnetic and acoustic
waves [53]. Moreover, it is worth noting that weak localization effect can
be also observed due to scattering from a statistically rough surface and is
not just limited to volumetric defects in a disordered medium. Now amongst
the myriad of theoretical formulations that exists in literature investigating
wave scattering from rough surfaces, we here discuss the two most elementary
yet prevalent approaches: (i) Perturbation and (ii) Ziman (or equivalently
Kirchhoff).
2.2.1 Perturbation Approach
The longitudinal acoustic mode excited in a silicon nanostructure scatters
at the surfaces due to roughness. Over several reflections, the energy of
the coherent excitation diminishes due to out-scattering from the mode. To
quantitatively asses the effect of boundary scattering on phonon lifetimes, we
use on the small perturbation approximation [22]. In this approach [22], the
roughness is assumed to introduce a small perturbation to the flat surface
profile. In our measurements, this nearly smooth assumption is valid since
η/λ . 0.01. The height of the membrane surface above a reference plane
can be described by ζ(x, y) = ζ(r), where < ζ(r) >= 0 and < ζ2(r) >= η2,
the rms surface roughness. The perturbation approximation requires that
kLζ << 1 and ∇ζ << 1, where kL = 2πν/VL is the wave vector. We assume






< ζ(R)ζ(R + r) >= e−|r|/L. (2.7)





Figure 2.2: Schematic illustration of acoustic wave scattering at a rough
surface. A part of the incident acoustic wave is specularly reflected (p)
whereas the remaining part (f = 1− p) is scattered diffusely into bulk
waves (longitudinal and transverse) and rayleigh surface waves.
The surface roughness causes a fraction f of the incident longitudinal
acoustic phonons to be scattered diffusely into bulk and Rayleigh modes
(see Fig. 2.2). Following recent work [20] on scattering of elastic waves from
boundaries, we consider the spectral surface Green’s function G̃ij(k, ω) for











δ(k − kr), (2.9)
where kT = ω/VT , kL = ω/VL, and kR = ω/VR are the transverse, longitu-
dinal and the rayleigh wave-vectors with VT , VL and VR being the transverse,
longitudinal and the rayleigh wave velocity. The subscript 3 for the spectral
surface Green’s function denotes the direction perpendicular to the surface.
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2πkC̃(k) Im G̃33(k, ω)dk. (2.12)
By substituting the expressions for C̃(k) amd G̃33(k, ω) from Eq. 2.8 and



















1− x2(x2 − s2)







where s = Vt/VL. The first two terms in the above equation represent the
power diffused into bulk longitudinal and bulk transverse waves whereas the
third term represent the power diffused into rayleigh surface waves. The spec-
ularity parameter p of the surface and consequently the boundary scattering
lifetime are then given by




where d0 is the characteristic dimension of the nanostructure. A complete




A plane wave with wavelength λ incident upon a rough surface y(x) gets scat-
tered in different directions as shown in Fig. 2.3. The distribution of power
into a perfectly specularly reflected beam and diffusely scattered radiation
can be calculated using the Rayleigh-Rice theory [24], popularly known as
the Ziman [25] approach in the phonon transport literature.
Figure 2.3: Scattering of an incident wave plane wave due to a rough
surface.
In comparison to a reference plane y = 0, the reflected waves from any






To calculate the angular spectrum of the scattered radiation, we treat the
rough surface y(x) as an array of point sources, each with the same amplitude
and varying with the same frequency but with different phases given by
Eq. 2.15. The interference between the reflected waves can therefore be
treated as a diffraction pattern created by outgoing waves from a distribution
of point sources with random phase fluctuations. We now proceed to define
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two parameters that describe the statistical variance and the autocorrelation













where η is the RMS roughness of the surface, L is the correlation length,〈〉
denotes an average over the entire surface and C∆φ(ζ) represents the
correlation between the phases of two points on the surface that are ζ distance
apart. We refer the reader to Ref. [25] for a detailed derivation of the resulting
angular spectrum. Essentially, the intensity of the scattered radiation is given
by




















where θ is the angle between the reflected beam and the normal, the first
term containing the δ(sinθ) function corresponds to the specularly reflected
beam and the second term corresponds to the diffuse component. We infer
from Eq. 2.18 that the diffusely scattered radiation will have a wide angular
spread if L < 4πη. Intuitively, this means that if the roughness profile of the
surface contains steep slopes, then the incoming radiation is scattered in all
directions. Further, we can obtain the specularity parameter by substituting







Notice that the specularity parameter is not entirely a function of the RMS
roughness of the surface but is rather dependent on η measured relative to
the wavelength λ of the radiation. The ratio η/λ is also referred to as the
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Rayleigh parameter. The strong dependence on η/λ implies that the exact





ACOUSTIC PHONONS AT ROUGH
SURFACES
The specularity of phonons at crystal surfaces is of direct importance to ther-
mal transport in nanostructures and to dissipation in nanomechanical res-
onators. Wave scattering theory provides a framework for estimating wave-
length dependent specularity, but experimental validation remains elusive.
Widely available thermal conductivity data presents poor validation since
the involvement of infinitude of phonon wavelengths in thermal transport
presents an underconstrained test for specularity theory. Here, we report
phonon specularity by measuring the lifetimes of individual coherent longi-
tudinal acoustic phonon modes excited in ultrathin (36-206 nm) suspended
silicon membranes at room temperature over the frequency range ∼ 20-118
GHz. Phonon surface scattering dominates intrinsic Akhiezer damping at
frequencies & 60 GHz, enabling measurements of phonon boundary scat-
tering time over wavelengths ∼72-140 nm. We obtain detailed statistics of
the surface roughness at the top and bottom surfaces of membranes using
HRTEM imaging. We find that the specularity of the excited modes are
in good agreement with solutions of wave scattering only when the TEM
statistics are corrected for projection errors. The often cited Ziman formula
for phonon specularity also appears in good agreement with the data, con-
tradicting previous results. This work helps to advance the fundamental
understanding of phonon scattering at the surfaces of nanostructures.
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3.1 Introduction
To verify phonon specularity against expectations from wave scattering the-
ory, this work combines detailed surface characterization using high reso-
lution transmission electron microscopy (HRTEM), with measurements of
phonon lifetimes of longitudinal acoustic modes. Long-window HRTEM of
roughness profiles enable us to obtain detailed roughness statistics across
multiple membranes. A subtle error arises in projecting the two-dimensional
roughness of the surface to a one-dimensional profile measured by the HRTEM.
We find that correcting the error is critical toward matching wave theory pre-
dictions against the experimental data. In the optical measurements, individ-
ual phonon modes are coherently excited in the frequency range ∼ 20− 118
GHz in ultrathin suspended Si membranes (∼ 36 − 206 nm thick) using
an ultrafast laser pump. The suspended membrane acts as nanomechani-
cal resonator in our experiments. The quality factor (Q) of the resonator is
intrinsically limited by scattering with phonons [33–35]. However, extrinsic
processes [56] such as surface scattering dominates attenuation in practice. In
our experiments, we measure the attenuation of each mode using a time de-
layed probe to find that intrinsic Akhiezer damping correctly predicts phonon
lifetimes at the lower frequencies (ν ≤ 24 GHz), consistent with results for
bulk silicon [43]. The reduction in phonon lifetimes at higher frequencies
(≥ 60 GHz), however is dominated by roughness dependent phonon surface
scattering. We analyze the lifetime data using results from wave scattering
theory at rough surfaces [20, 22, 57–59] and find that the estimated phonon
specularities are in good agreement with the data over the measured fre-
quency range.
3.2 Experiment
For our measurements, we fabricated free-standing single-crystal silicon mem-
branes from the [100]-oriented silicon-on-insulator (SOI) wafers [60]. The
device layer, buried oxide, and the Si substrate are 205 nm, 410 nm, and
700 µm thick respectively. Figure 3.1 shows the process flow diagram for the
microfabrication of suspended silicon membranes.
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Figure 3.1: Process flow sequence for silicon membrane fabrication.
We first deposit a 300 nm thick film of silicon nitride (SiNx) on top of the
device layer using a low pressure chemical vapor deposition (LPCVD) pro-
cess at 800 ◦C. In order to reduce the surface damage and contamination in
subsequent fabrication process, we encapsulate the diced SOI samples with
protective silicon dioxide and SiNx layers using plasma-enhanced chemical
vapor deposition (PECVD). We then define a backside window using pho-
tolithography and etch the Si substrate using a combination of deep reactive
ion etching (DRIE - Inductively coupled Bosch Process) and wet etching in
tetramethylammonium hydroxide (TMAH - 80 ◦C). The buried oxide layer
is removed by placing the samples in a buffered oxide etch (BOE) solution.
Silicon membranes are suspended by removing the protective layers covering
the top surface of the SOI samples using Freon RIE. Further etching with the
same Freon RIE process allowed us to control the thickness of the membrane
to within ∼ 10 nm. The approach yielded membranes with thicknesses in
the range 36-206 nm. Figure 3.2 shows the scanning electron micrograph of
such a suspended silicon membrane.
We employ an ultrafast femtosecond laser pump-probe setup [61–63] to
excite and measure the longitudinal acoustic phonons in silicon membranes.
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Figure 3.2: Scanning electron micrograph of suspended silicon membrane.
(Length, Width) = (400 µm, 300 µm). The dull red spot shows the heating
from a pump laser beam whereas the bright red arrows represent the
direction of the radially outward wave-vector kr.
A schematic of the experimental setup is shown in Fig. 3.3. Both the pump
and probe beams are obtained from a synchronously mode-locked Ti:sapphire
oscillator with a repetition rate of 74.8 MHz, pulse duration of 200 fs, and a
wavelength of 785 nm. The pump beam is modulated using an electro-optic
modulator at 10 MHz to facilitate lock-in detection of reflected probe beam.
The 1/e2 radius of the focused pump and probe spots on the sample surface
can be varied from ∼ 2.5 - 5.5 µm.
The pump pulses hitting the sample surface create an electron-hole (e-h)
plasma, which after relaxation (∼ 1 ps) [64] creates stress in the illumination




∆N − 3Bβ∆T, (3.1)
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Figure 3.3: Schematic of the time-domain thermoreflectance (TDTR)
setup redrawn from Kimling et al [11]. PBS: polarizing beam splitter, BS:
beam splitter, EOM: electro-optic modulator, PD: photodiode.
where B is the bulk modulus, ∂Eg/∂p is the hydrostatic deformation poten-
tial, ∆N is the e-h pair density, β is the linear thermal expansion coefficient,
and ∆T is the temperature increase in the lattice. The first term in equation
3.1 represents the electronic contribution to the generated stress whereas the
second term corresponds to the thermal contribution which results from the
sudden expansion of the lattice. Since the deformation potential ∂Eg/∂p < 0
for silicon, the electronic stresses are negative whereas the thermal stresses
are positive. The magnitude of the e-h pair density ∆N and the temperature










where E0 is the energy absorbed by the membrane per unit volume, Eg
is the band gap and C is the volumetric heat capacity. Substituting the
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Figure 3.4: Displacement field of the membrane cross-section for D1
dilatational mode at phase angle φ = 0. The dashed black lines represent
the undeformed edge of the structure. Displacement amplitudes are
maginified to reveal the difference between the deformed and the
undeformed configurations of the structure. structure. The blue and red
colors identify regions with minimum and maximum displacement
amplitudes respectively.
physical properties in Eq. 3.1 and 3.2 with actual values for silicon, we find
that the negative thermal contribution only accounts for ∼ 12 percent of the
total stress.
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Figure 3.5: Frequency dependence of the dilatational (D) and flexural (F )
modes of the membrane against the radial wave-vectors kr. The symmetric
strain induced by the absorption of pump pulse results in excitation of D1
mode at wave-vector kr = 0. (VT is the bulk transverse velocity.)
Due to the large penetration depth of 785 nm wavelength (∼ 8 µm) in sili-
con [66], the generated stress is uniform along the thickness of membrane. As
a result, the first-order dilatation mode (D1) of the membrane (see Fig. 3.4)
is excited with the radial wave-vector kr = 0. Figure 3.5 plots the dispersion
relation for the dilatational and the flexural modes of the membrane. Since
the group velocity ∂ω/∂kr ≈ 0 for D1, the acoustic mode is confined within
the region of excitation. The frequency of oscillation is given by ν = VL/2d0,
where VL = 8430 m/s is the longitudinal speed of sound in silicon [67] and
d0 is the thickness of the membrane. Figure 3.6 shows the variation of re-
flectance (R), transmission (T ) and absorptance (A) of silicon membranes
with thickness at laser wavelength λ = 785 nm. The excited dilatational
mode modulates the membrane thickness (∆d0 < 1 pm), which in turn
changes the reflectance of the membrane (∆R/R ∼ 10−5) [26, 68] as mea-
sured by the probe beam. The generated strain also changes the refractive
21
index of the membrane through the photoelastic coefficients but the effect is
relatively weak in comparison to the membrane thickness modulation.
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Figure 3.6: The thickness dependence of reflectance (R), transmission (T )
and absorptance (A) of membranes are shown in black, red and green solid
lines respectively.
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Figure 3.7: In-phase voltage (black) obtained from pump-probe
measurements for 182 nm thick membrane. The slowly decaying electronic
background (red) is fitted using a spline. (Inset) Acoustic signal extracted
after removing the electronic background from the in-phase voltage.
We capture the time evolution of the amplitude of the excited acoustic
mode by varying the delay between the arrival of the pump and probe beams
from td = −0.25 to 3.6 ns. Figure 3.7 shows the in-phase voltage obtained
from the lock-in amplifier for a 182 nm thick membrane which corresponds
to 23.1 GHz longitudinal acoustic mode. The sharp rise in the signal at t = 0
ps is due to electronic excitation followed by a multi-exponential decay. The
electronic response is removed to obtain the acoustic modes [69] shown in the
inset of Fig. 3.7. We detect the peaks in the resulting acoustic signal and use
linear regression to fit a line through the logarithm of the peak amplitudes.
The amplitude damping time is obtained from the inverse of the slope of
fitted line. The phonon lifetime (τ) is defined as the rate of energy decay
and is half of the amplitude damping time (since acoustic energy scales as
the square of the amplitude).
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To facilitate a quantitative evaluation of boundary scattering in the mea-
sured thin films, we characterized the roughnesses of the top and bottom
surfaces of the membranes in terms of the correlation length, L, and the
root mean square (rms) roughness height, η. We used a JEOL 2010 LaB6
transmission electron microscope (TEM) to obtain roughness profiles for 5
membrane samples with thicknesses of 36, 49, 132, 175 and 187 nm. The
sample preparation for TEM imaging includes depositing 100 nm copper on
the bottom surface of the membrane for reinforcement and 200 nm Pt/C
composite on the top surface. We used electron beam-induced deposition on
the top side to prevent damage to the surface of the membrane [70]. We slice
a thin (∼ 100 nm width) rectangular portion of the membrane and transfer
it to the TEM grid inside a FIB. The cross-section of the membrane is then
imaged in 40-60 nm segments along the (110) zone axis to obtain a series of
high resolution (400K X) images. The individual images are stitched together
(Figure 3.8a) using ImageJ [71] to obtain a surface profile over distances of
∼ 350 - 450 nm. The [111] direction serves as a reference to establish cor-
respondences between adjacent pairs of images during the stitching process.
The interface boundary (Figure 3.8b) is traced by selecting discrete points
corresponding to the last discernible Si lattice site along the [111] direction.
The surface roughness profile (Figure 3.9 left column) is then obtained by
interpolating over the unequally spaced discrete points with a smoothing
B-spline at a sampling interval ≥ 0.3 nm.
3.3 Membrane Roughness Characterization using
TEM
In order to determine the correlation length L from the surface roughness
profile, we first evaluate the height-height autocorrelation function (ACF).
Following prior work on understanding electron scattering at the Si-SiO2
interface [72,73], we fit the decay of the ACF as an exponential distribution of
the form C(r) = exp(−r/L) and extract the correlation length L as shown in
the right column of Fig. 3.9. We find that the measured correlation length lies
in the range L ∼ 6− 77 nm between different membranes. Since the lengths


































































































































































































































































































correlation length and rms roughness between the actual and measured values
[73], especially when the correlation length is comparable to the window
length. To avoid this issue, we used long window lengths of ∼ 375 nm
beyond which we lost TEM focus. We find that the measured values for L
are ≤ 20% of the window length, and therefore, the finite window does not
introduce any significant compression in L. We note that our measurements
obviously cannot resolve correlation lengths longer than the window length of
375 nm. We also obtain the rms roughness height of the membrane samples
from the standard deviation of the surface roughness profile. The measured
rms roughness, ηm range from 0.4 to 1.3 nm.
A subtle issue with obtaining surface roughness from HRTEM images
is that the images are one-dimensional projections of the two-dimensional
roughness, through the membrane cross-section [73]. Previous measure-
ments [73, 74] on Si-SiO2 interfaces with similar surface treatment reported
that rms roughness extracted from the projection, ηm are lower than the
actual roughness, η. To account for any such reduction, we numerically ob-
tained a correction factor for every measurement. Specifically, we simulated
a two-dimensional rough surface using exponential statistics with varying
correlation lengths and rms roughnesses. An example of such a surface with
L = 50 nm and η = 1 nm is shown in Fig. 3.10a. We then divide the surface
into thin segments (∼ 100 nm) along the y-direction and project the two-
dimensional surface to obtain a one-dimensional roughness sequence. We
repeat this process over 80 segments to obtain an average value of the rms
roughness for the projected sequence. This enables us to obtain the correc-
tion factor, ηm/η. Figure 3.10b plots the correction factor over the range of
correlation lengths measured in our membrane samples. The reduction in
rms roughness is severe at short correlation lengths, and the measured rms
roughness approaches the actual value only at correlation lengths & 90 nm.
Table 3.1 contains the corrected rms roughness for our membranes samples.
The corrected values are in the range 0.6-1.6 nm.
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Figure 3.10: (a) Two-dimensional random rough surface generated using
exponential statistics for rms roughness η = 1.0 nm and correlation length
L = 50 nm. (b) Correction to the measured rms roughness ηm as a function
of correlation length of the original two-dimensional exponential surface.
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Table 3.1: Surface roughness parameters for top and bottom surfaces of
membranes.
Thickness Roughness* Correlation ηm/η Corrected
*














































*RMS values are reported.
3.4 Results and Discussion
We now discuss the data from the pump-probe measurements. Figure 3.11
plots the lifetimes for longitudinal acoustic phonon modes excited at different
frequencies by varying the thickness of the membrane (ν = VL/2d0). The
measured phonon lifetimes decrease rapidly from τ = 5.4 ns at ν = 20.3 GHz
to 99 ps at 118 GHz, a nearly two orders of magnitude reduction. We further
observe that τ obeys a ν−2 dependence in the frequency range ν ≤ 40 GHz,
but this dependence grows stronger, τ ∼ ν−3, at higher frequencies (ν ≥ 60
GHz).
To understand the frequency dependence of phonon lifetimes, we first con-
sider the intrinsic attenuation of the excited acoustic mode. We use Eq. 2.1
to quantitatively evaluate the attenuation of the acoustic mode due to inter-
action with thermal phonons. At low frequencies (ν ≤ 24 GHz), the phonon
lifetimes predicted by Akhiezer mechanism (Fig. 3.11, solid green line) are
in close agreement with the measured values. At higher frequencies (ν ≥
60 GHz), the Akhiezer model overestimates the data by at least an order of
magnitude. The Akhiezer mechanism also predicts nearly a constant value
of lifetime over the entire frequency range (20 - 118 GHz), different from the
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Figure 3.11: Lifetimes of longitudinal acoustic phonon modes () excited
in thin silicon membranes as a function of frequency. The line labeled
Akhiezer is evaluated using Eq. 2.1 with τth = 17 ps.
Recent work [26] on silicon nanomembranes (< 200 nm) suggested that
intrinsic scattering based on three phonon interactions instead of Akhiezer
damping, are responsible for attenuating frequencies in the range ∼ 20 −
100 GHz. This is in contradiction of past work on bulk silicon [43] where
the Akhiezer model satisfactorily explains lifetimes even at 100 GHz. Since
the dispersion relations for thermal phonons in the membranes are identical
to those in the bulk, we expect three phonon interactions to be the same
as those in the bulk. Indeed, recent atomistic simulations [34] show that
modifications to Akhiezer damping occur only in much smaller structures
(.10 nm). Finally, with the exception of lowest frequency excited modes
(ν < 21 GHz), we measure phonon lifetimes that are nearly an order of
magnitude higher than those reported in that work [26], suggesting that the
attenuation is not determined by any intrinsic process. We next consider the
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dominant extrinsic mechanism — boundary scattering.
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Figure 3.12: The diffuse scattering fraction normalized by its value at
infinite correlation length, as a function of the product of wave vector and
correlation length. The total scattering can be decomposed into individual
contributions from bulk and Rayleigh modes.
The excited longitudinal acoustic mode scatters at the surfaces of the film
due to surface roughness. To calculate the attenuation due to a rough surface,
we apply results from the wave scattering theory discussed in Section 2.2.
While it is clear from the Eq. 2.12 that diffuse scattering follows a ∼ η2
trend, the dependence of scattered fraction f on the correlation length L
is not obvious. For the case of a small correlation length compared to the









where the subscript ‘0’ denotes small correlation length. In the opposite
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2πkC̃(k) dk = 4η2k2L. (3.4)
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Figure 3.13: (b) Specularity parameter versus frequency for η = 0.6 and 1.6
nm and a range of correlation lengths. The upper and lower limit in each
shaded region correspond to L = 6 and 77 nm respectively.
The diffuse scattering fraction shows ∼ L2 dependence for kLL << 1
but the dependence levels off for kLL >> 1. In order to understand the
transition between the two limiting cases, we evaluate the integral in Eq. 2.13
numerically and plot the results in Fig. 3.12. The y-axis is normalized by the
limiting case of an infinitely long correlation length. Figure 3.12 shows that
for kLL & 5, the scattering fraction is not sensitive to the actual value of L.
At kLL ∼ 1, f ∼ 80% of f∞ and, for kLL ≥ 2, f is ≥ 90% of f∞. In our data,
the deviation from Akhiezer damping is significant beyond ∼60 GHz, where
the range of kL is 0.044-0.088 nm
−1. The corresponding range of the product
kLL is ∼ 0.27 - 6.8 considering that the measured values of correlation length
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ranges from ∼ 6 - 77 nm. Fig. 3.13 further plots the specularity parameter,
p = 1−f , as a function of frequency. We show two shaded graphs for η = 0.6
nm and η = 1.6 nm respectively, corresponding to the smallest and largest
rms roughnesses from the measurements. For each rms roughness height,
the corresponding shaded regions show the effect of varying the correlation
length from 6 to 77 nm. It is evident that we should expect the measured
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Figure 3.14: Boundary scattering and total phonon lifetime calculated
using perturbation approach. The lines labeled τbd are evaluated using
Eq. 3.5 with η = 0.6 nm, L = 6 nm and η = 1.6 nm, L = 77 nm
respectively. The shaded pink region shows the total phonon lifetime
calculated by adding the contribution from Akhiezer and boundary
scattering evaluated using perturbation approximation. The shaded orange
region shows the phonon lifetime obtained by adding the contribution from
Akhiezer and boundary scattering evaluated using Ziman’s formulation for
η ∼ 0.6 - 1.6 nm.
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We obtain a boundary scattering lifetime τbd from the specularity parame-
ter as follows. Even though the roughness of the top and bottom sides of the
membranes are different, their theoretical specularities are similar (close to
1). Assuming the same value of p for both surfaces, the reduction in energy
of the acoustic mode after one round trip over a time, ∆t = 2d0/VL is given







where we approximate ln(p2) ≈ −2(1 − p) since p is close to 1, in our
structures. We note that the lifetime in Eq. 3.3 corresponds to the decay
of the coherent wave, which is the signal measured by the probe in our
experiments. We do not use the expression τbd = (1+p)/(1−p)×d0/VL used
in previous work [26] that is derived for incoherent transport [75]. The two
expressions yield the same value for the range of frequencies reported here
but will diverge at higher frequencies when p 6→ 1.
We infer from Eq. 3.3 that for small correlation lengths (kLL << 1), 1−p ∝
ν4. In this limit, the boundary scattering lifetime τbd ≈ d0/VL(1 − p) scales
with frequency as ν−5 due to the inherent frequency-thickness relationship of
the membranes, ν = VL/2d0. Similarly, for large correlation lengths (kLL >>
1), the boundary scattering lifetime scales as ν−3. For intermediate kLL, the
boundary scattering lifetime obeys τbd ∼ νa dependence, where −5 <a<
−3.
Figure 3.14 replots the phonon lifetime data. The estimated Akhiezer
damping time, τph−ph is also shown for reference. We use the above theory
to plot the boundary scattering lifetime τbd (dashed blue line) for the range
of (L, η) obtained from the HRTEM measurements as η ∼ 0.6− 1.6 nm and
L ∼ 6− 77 nm. The phonon lifetime τ (shaded pink area) can be estimated
using Matthiessen’s rule as τ−1 = τ−1ph−ph + τ
−1
bd . We find that the data lie
within the shaded region across all frequencies. We note that the spread of
the shaded area reflects the spread in the statistical parameters of surface
roughness. The data agree in magnitude as well as frequency dependence
suggesting that phonon boundary scattering is indeed the dominant limiter
of lifetimes in our measurements. The data appear more clustered toward the
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left edge of the shaded region. This may imply that the correlation lengths
are longer than what we could measure using the finite window of a TEM.
In the limit of infinite correlation length, the specularity is 1 − e−4π2η2/λ2 ,
independent of the correlation length. Using this expression, we obtain the
shaded orange region where the spread is over the range of measured η. We
note that for the measured range of wave numbers, any correlation length
&130 nm can essentially be considered infinite and would yield a lifetime in
the shaded orange region.
As mentioned before, prior measurements on membranes using pump-
probe techniques [26] attributed the deviation from Akhiezer damping to
three phonon interactions. However, our measurements suggest that the
deviation is due to boundary scattering. Further, in measurements using su-
perconducting tunneling junctions (STJs) [23], data could only be explained
at zero specularity that was inconsistent with Ziman’s expression correspond-
ing to the measured roughness height. In contrast, the data from our work is
in excellent agreement with Ziman’s expression. As the authors have them-
selves suggested, the possibility of scattering due to surface contamination or
excessive oxidation in the STJ experiments may be responsible for the zero
specularity. In either case, our measurements highlight the importance of
obtaining detailed surface roughness statistics in order to interpret surface
scattering data.
3.5 Conclusions
In conclusion, our measurements clearly show that for ∼60-118 GHz, wave
scattering theory agrees well with the data provided detailed roughness statis-
tics are obtained from the measured samples. Consistent with theory, ∼0.1
THz phonons reflect nearly specularly at room temperature from surfaces
with ∼1 nm scale roughness. The agreement between theory and data repre-
sents an important validation for these theoretical results for phonons. Ob-
taining detailed surface roughness statistics is key to testing surface scatter-
ing theories. In particular, subtle errors in estimating roughness parameters
such as the one arising from projecting two dimensional roughness to one in
an HRTEM image can introduce significant errors in theoretical predictions.
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The frequency range considered here is relevant to damping in nanomechan-
ical resonators and low to intermediate temperature thermal transport
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CHAPTER 4
SURFACE SCATTERING IN SILICON
NANOWIRES
In Chapter 3, we presented our work on the lifetimes of longitudinal acous-
tic phonons in ultrathin suspended silicon membranes. This enabled us to
fit the frequency trends in phonon lifetimes and extract the dependence of
phonon-boundary scattering on surface morphologies (η and L). We showed
that the Kirchhoff approximation result (also knows as Ziman’s formula [25])
is able to predict the observed specularities of longitudinal phonons at ∼ 1
nm rough surfaces. Here, we extend the study of phonon-boundary interac-
tions to silicon nanowires with rectangular cross-section. Unlike silicon mem-
branes, the out-scattering of the excited acoustic mode in silicon nanowires
is restricted to occur along one dimension, length of the wire. Further, the
fabrication recipe (Bosch process) used for silicon nanowires results in sig-
nificantly higher sidewall roughness. The presence of multiple surfaces in a
nanowire with higher RMS roughnesses and restrictive channels for energy
leakage make the interpretation of phonon lifetime data difficult. We derive
a normalization scheme that effectively decouples the boundary scattering
contribution from the width and thickness of the nanowire. The magnitude
and the frequency dependence of the normalized phonon lifetimes are then
compared with the predictions of Ziman approach.
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4.1 Fabrication
We fabricated free-standing single-crystal silicon nanowires from the [100]-
oriented silicon-on-insulator (SOI) wafers [60] as shown in Fig. 4.1. The
device layer, buried oxide, and the Si substrate were 205 nm, 410 nm, and
700 µm thick respectively. We first spun a thin layer (< 200 nm) of 495K
PMMA A2 resist on top of the device layer and baked it at 180 ◦C for 7 min.
The nanowire arrays with different lengths (5-15 µm) and widths (200 - 430
nm) were then defined using electron beam lithography. We used a Bosch
process to transfer the PMMA patterns to the underlying silicon. Finally, the
nanowires were released by etching the buried silicon dioxide layer in buffered
oxide etch solution. We also sputtered ∼ 13 nm thin aluminum transducer
film on top of silicon nanowires which enhances the optical absorption.
Figure 4.1: Process flow sequence for suspended Si nanowire fabrication.
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(a) Low Magnification (3K).
(b) High Magnification (100K).
Figure 4.2: Scanning electron micrographs of freely suspended silicon
nanowire arrays. The length, width and thickness of the nanowire array is
15 µm, 493 nm and 192 nm respectively.
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To make the characterization of the fabricated nanowires comprehensive,
we use focused ion beam (FIB) milling to expose the vertical cross-section
of the nanowires. A nanowire array is first located under SEM, FIB is used
thereafter to carry out sub-µm vertical dissection at the desired location. A
30-keV focused Ga+ beam normal to the nanowire arrays is used for ion
milling with the beam current fixed at 0.21 nA. Subsequent SEM imaging
(see Fig. 4.3) shows that as expected, the nanowires have a rectangular cross-
section. A rather important observation is that the sputtering procedure
coats not only the top surface of (red arrow) the nanowire array but also the
sidewalls (orange arrow) with aluminum. The conformal deposition seems
pretty innocuous at first but it is crucial in understanding the excitation
mechanism behind the acoustic modes. This will be discussed further in
Section 4.3.
Figure 4.3: SEM micrograph showing the vertical cross-section of a silicon
nanowire array. The top surface, cross-section and the sidewalls of the
nanowire are highlighted by red, yellow and orange arrows respectively
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4.2 Experimental Data
In contrast to the typical pump-probe experiments [76, 77], the thickness
of the sputtered aluminum film (∼ 13 nm) in our samples is comparable
to the optical penetration depth [78, 79] of 785 nm laser wavelength (7.3
nm). The absorption of the pump beam is, therefore, no longer limited to
the top aluminum film. Hence, we cannot ignore the contribution of the
underlying silicon to the change in reflectance measured by the probe beam.
Figure 4.4 shows the ratio of in-phase to out-of-phase voltage obtained from
the lock-in amplifier for a nanowire array with width w = 1 µm, Length
L = 15µm and thickness h = 200 nm. The sharp rise in the signal at
td = 0 ns is caused by the rapid heating of the electron gas [80] due to the
absorption of pump pulses in the thin aluminum layer. The heated electron
gas then equilibriates with the lattice [81] (∼ 1 ps) and a local equilibrium
is reached at a temperature slightly higher than the original value. The
initial drop in the in-phase voltage (< 150 ps) corresponds to the cooling
of aluminum near its top region due to the conduction of heat withing the
thickness of the film. For longer delay times (td > 300 ps), we observe that
the in-phase voltage decreases slowly due to the diffusion of heat into the
silicon nanowire which is limited by the interface thermal conductance. We
occasionally observe (not shown here) that the in-phase voltage falls below
zero. This occurs due to the partial absorption of the pump beam in silicon
that creates stresses with electronic and thermal contribution. The electronic
stresses are an order of magnitude higher compared to the thermal stresses
and contribute negatively [65] to the change in reflectance (∆R/R). The
oscillations of the excited acoustic modes are superimposed on top of the
decaying background as shown in the insets of Fig. 4.4. The strain induced
by the acoustic mode at the surface of the nanowire is of the order of 10−3
percent. The corresponding change in reflectivity ∆R/R is about one part
in 10−4, which is well-within the detection limit of the experimental setup.
The acoustic response of the nanowire (see Fig. 4.5(a)) is isolated from the
thermal response by removing the exponential background with a cubic B-
spline. Figure 4.5(b) shows the frequency spectrum of the extracted acoustic
signal evaluated using the FFT algorithm. Unlike the acoustics measured
for a membrane (see Fig. 3.7) where only the first-order dilatation mode was
observed, we find that for a nanowire, a range of acoustic modes are excited.
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For the particular nanowire whose response is shown in Fig. 4.5, the signal
is composed primarily of a lower frequency mode (∼ 2 GHz) and multiple
higher frequency modes in the range ∼ 19 - 95 GHz. Upon closer inspection,
the higher frequency modes - 19.3, 58.1, 76.7 and 95 GHz are actually found
to be the fundamental mode and its 3rd, 4th and 5th harmonics respectively.
While the excitation of the fundamental mode and its higher harmonics is
demonstrated in a particular nanowire, the observation is consistent across
different samples. As will be discussed later, it is even possible to observe
harmonics up to the 10th order.
Figure 4.4: Ratio of the in-phase to the out-phase voltage (−Vin/Vout) for a
nanowire array with width w = 1 µm and thickness t = 200 nm. Inset
shows a zoom of the signal at td ∼ 0.4 ns and td > 1.5 ns. The solid red line
is a spline fit to the slowly decaying exponential background.
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(a) Acoustic signal extracted after removing the electronic and thermal background.
(b) Frequency spectra of the extracted acoustic signal.
Figure 4.5: Pump-probe spectroscopy data.
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The elastic modulus, Poisson’s ratio and density of silicon are 130 GPa,
0.28 and 2330 kg/m3 respectively [82]. The longitudinal and transverse sound
velocities in silicon are then VL = 8430 and VT = 5840 m/s [67]. A crude first-
order approximation suggests that the lower frequency mode corresponds to
a transverse width resonance (VT/2w = 2.9 GHz) whereas the higher fre-
quency fundamental mode corresponds to the first order thickness resonance
(VL/2h = 21 GHz). But given the rectangular cross-section of the nanowire,
it is not straightforward to correlate the observed resonances with the mode
shapes of the structure. We therefore employ 3D finite element calculations
(FEM) to perform eigenmode analysis of the nanowire structure.
4.3 Finite Element Modal Analysis
The system is modeled as a continuum composite of a rectangular cross-
section silicon beam with thin aluminum film (∼ 13 nm) on top as shown in
Fig. 4.6. The x,y and z axes are aligned with the length (L), width (w) and
thickness (t) of the nanowire.
The elastic equation of motion governing the displacement u(t) of the
system is given by
∂j[cijmn(r)∂num] = ρ(r)üi, (4.1)
where ρ(r) and cijmn(r) are the position dependent mass and elastic stiff-
ness tensor. The anisotropic material properties of silicon are also taken into
account for simulation purposes. To extract the normal modes of this struc-
ture, we assume u(t) to have a harmonic dependence (eiωt) and insert it into
Eq. 4.1
∂j[cijmn(r)∂num] = −ρ(r)ω2ui. (4.2)
We solve the eigenvalue problem using the finite element method (FEM)
on ANSYS [83]. A fixed boundary condition (ux = uy = uz = 0) is used
across the two ends of the nanowire. We employ meshes with 3-D structural
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Figure 4.6: Schematic of a silicon nanowire structure with length L, width
w and thickness t used in FEM calculations. A thin layer (∼ 13 nm) of
aluminum is present on the top surface of the sample. Fixed boundary
condition (ux = uy = uz = 0) is used across the two ends of the nanowire.
The red, green and purple circles represent nodes selected along x, y and z
direction to obtain kx, ky and kz respectively.
solid elements that possess 8 nodes. The elements have three degrees of
freedom at each node: translations in the x, y and z directions. The size of
elements in a mesh determines the convergence and accuracy for the solution
obtained using FEM. We perform a mesh sensitivity analysis by reducing the
element size and observing the change in frequency of the acoustic modes.
The convergence criteria is that the normalized change in the frequency of
acoustic modes between successive iterations should be less than 10−5. We
find that a fine mesh with element size of ∼ 12 nm can be used uniformly
across the nanowire structure. Table 4.1 lists the mechanical properties of
the materials (Al and Si) used in the FEM simulations. The acoustic modes
of the system in a desired frequency range are then obtained using the Block
Lanczos method.
45
Table 4.1: Mechanical properties for some common bulk materials [82,84].
Material Elastic Modulus Shear Modulus Poisson’s Ratio Density
(GPa) (GPa) (kg/m3)
Silicon 130 79.6 0.28 2330
Aluminum 71 27 0.31 2700
We can broadly categorize the acoustic modes for a silicon nanowire struc-
ture into four distinct polarizations:(i) Flexural mode (ii) Shear modes (iii)
Dilatation modes and (iv) Breathing modes . Figure 4.7 shows the displace-
ment profile of kx = 0 modes for a silicon nanowire sample with L = 15
µm, w = 382 nm and t = 205 nm. The experimentally measured fre-
quencies for the same nanowire sample are 7.3 GHz for the lower frequency
mode and 20.9 GHz for the higher frequency fundamental mode. By juxta-
posing the experimentally obtained frequencies with the simulations results,
we confirm that the higher frequency fundamental mode corresponds to the
first order thickness resonance, hereafter referred to as the breathing mode
(Fig. 4.7(e)).
46
(a) Flexural mode 6.9 GHz (b) Shear mode 7.4 GHz
(c) Dilatation Width mode 9.7 GHz (d) Dilatation Thickness mode 15.5 GHz
(e) Breathing Mode 21 GHz
Figure 4.7: Displacement profile of the cross-section of a silicon nanowire
(width = 382 nm, thickness = 205 nm) showing (a) Flexural mode - 6.9
GHz (b) Shear mode - 7.4 GHz (c) Dilatation modes corresponding to
width (9.7 GHz) and thickness (15.5 GHz) and (d) Breathing mode - 21
GHz. The black arrows show the direction of motion for each polarization.
The blue and red colors denote regions of minimum and maximum
displacement respectively.
47
Figure 4.8: Acoustic mode frequency at wave number kx = 0 is plotted
against the nanowire width (w) using FEM. Thickness of the nanowire is
205 nm. The solid purple, blue and green lines represent Dilatation
breathing mode, Flexural mode (1st order) and Shear mode (1st order)
respectively. The black unfilled diamonds represent experimental
measurements.
But, a similar comparison for the lower frequency mode does not deci-
sively affirm a particular polarization. The inconclusiveness arises primarily
because the flexural mode (Fig. 4.7(a)) and the shear mode (Fig. 4.7(b))
differ from the lower frequency mode by just 1.3 and 5.4 percent respec-
tively. This, combined with the fact that the frequencies of the flexural and
shear modes scale inversely with the width w. For example, a 3 percent
reduction in the width of the nanowire results in an increase of 4.5 percent
in the frequency of flexural modes. Considering that the dimensions of the
nanowire are obtained using SEM micrographs, the simulation results can be
considered accurate only to within ± 10 percent. Therefore even though the
lower frequency mode (7.3 GHz) is closer in magnitude to the shear mode (7.4
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GHz), the dissimilarity from the flexural mode (6.9 GHz) is within the margin
of error. A further attempt to resolve the ambiguity by analyzing nanowire
samples with different widths w does not prove useful. Figure 4.8 plots the
frequency evolution of the shear, flexural and breathing modes against the
width of the nanowire. The black diamonds (filled and unfilled) represent
the experimentally observed values for the lower frequency mode and the
higher frequency fundamental mode respectively. We find that there is no
discernible difference between the magnitude and/or the frequency evolution
of the flexural and shear modes.
To better understand the excitation of the acoustic modes, it is impor-
tant to understand the details of the laser absorption process inside the sili-
con nanowire array. Using COMSOL multiphysics software, we evaluate the
heating losses inside a silicon nanowire array due to a normally incident elec-
tromagnetic wave (λ = 785 nm). Figure shows the contour plot of log(Qh)
for silicon nanowire arrays at different width (w) and pitch (p) combinations.
Notice that we have modelled the nanowire array with a conformal coating
of aluminum as mentioned in Section 4.1. Further, to mimic the actual fab-
ricated sample, we have added a roughness profile on the top surface and
the sidewalls of the nanowire with RMS roughness equal to 2.5 nm, typical
of the cleanroom processed surfaces. We find that, for every combination
of w and p, a significant fraction of the heating is confined to aluminum on
the top surface of the nanowire array. The elastic strain distribution due to
the heating of the top surface correlates qualitatively with the the flexural
mode (see Fig. 4.7(a)). However, for certain combinations of w and p (see
Fig. 4.9(a) and (d)), the heating of the sidewalls and the top surface are
comparable. Therefore, the possibility of a shear mode being excited cannot
be completely refuted. In fact, with measurements on additional nanowire
samples, we find a strong evidence of the simultaneous excitation of the flex-
ural and shear mode when the sidewall heating is significant. Figure 4.10 (a)
and (b) shows, respectively, the acoustic response from two nanowire samples
with and without significant sidewall heating. A clear beating phenomenon
observed in Fig. 4.10(b) is indicative of the simultaneous excitation of two
modes with slightly different frequencies.
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(a) width = 200 nm, pitch = 516 nm (b) width = 253 nm, pitch = 524 nm
(c) width = 383 nm, pitch = 610 nm (d) width = 392 nm, pitch = 700 nm
(e) width = 501 nm, pitch = 696 nm (f) width = 493 nm, pitch = 693 nm
Figure 4.9: Heating losses in a silicon nanowire array from a normally
incident EM wave (λ = 785 nm). The top surface and sidewalls of the
nanowire is sputtered with ∼ 13 nm aluminum. The blue and red colors
denote regions of minimum and maximum heat losses respectively.
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(a) width = 403 nm, pitch = 695 nm (b) width = 297 nm, pitch = 503 nm
Figure 4.10: Acoustic response from silicon nanowire arrays for two
different width and pitch combinations.
To reliably estimate the phonon lifetime τ (or equivalently damping time)
from pump-probe measurements, it is important to know the laser spot size
(σ), dimensions of the nanowire (w, t) and group velocity of the acoustic
mode (β) along the length of the wire. Amongst them, σ, w and t are known
quantities during the experiment. But, obtaining an estimate of the group
velocity Vg for the excited acoustic mode is slightly more complicated be-
cause there is no closed-form analytical solution of the modal frequencies
for a rectangular cross-section nanowire. We therefore employ a post pro-
cessing method where nodes are selected along length, width and thickness
of the nanowire (see Fig. 4.6). By extracting the nodal locations and their
corresponding displacements, we obtain the wave-vectors kx, ky and kz for
each frequency observed in the eigenmode analysis. Figure 4.11(a) and (b)
shows the dispersion relationship (ω vs kx) for the lower frequency modes
(flexural and shear) and the higher frequency fundamental mode. The group









(a) Frequency range = 14 - 28 GHz. The dotted gray lines rep-
resent massless modes and the black solid lines represent modes
with non-zero frequency cut-off (1st order Flexural and Shear
Modes)
(b) Frequency range = 0 - 14 GHz. The dotted gray lines repre-
sent 3rd order flexural and shear modes and the solid black line
represents dilatation breathing mode.
Figure 4.11: Dispersion relationship for a silicon nanowire with length (L),
width (w) and thickness (t) equal to 15 µm, 382 nm and 205 nm
respectively.
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We find that the lower frequency modes propagate along the length of the
nanowire, with the shear acoustic mode (∼2.7 µm/ns) having a higher group
velocity than the flexural mode (∼ 1.35 µm/ns). Given the magnitude of
group velocities and the time window of the measurements (td = 0 - 3.6 ns),
the decay in the acoustic amplitude (see Fig. 4.10(a) and (b)) is caused by a
combination of damping mechanisms (Akhiezer, phonon-boundary etc.) and
the propagation of the acoustic mode outside the region of excitation. On
the other hand, the higher frequency fundamental mode (see Fig. 4.11(a)) is
stationary as the group velocity is approximately zero. Before we proceed
to the extraction of phonon lifetimes, it is important to understand in detail
how the dispersion relationship of a particular polarization mode affects the
acoustic response measured in our experiments. A comprehensive discussion
on this topic is presented in the next section.
4.4 Modeling Wave-packet Propagation
To better understand the acoustic responses measured in our experiments,
we derive an explicit expressoin for the temporal and spatial evolution of the
excited acoustic wave-packet along the length of the nanowire. Given a pump
beam with a Gaussian intensity profile and 1/e2 diameter equal to σ incident
on a nanowire array (−L/2 < x < L/2) at x = 0, the initial deformation at





where x denotes the direction of the length of the nanowire. Of course, such
a one-dimensional model of the nanowire assumes that the deformation is
uniform over the nanowire cross-section and proportional to the pump-beam
intensity profile. To a zeroth order approximation, we can decompose the














Figure 4.12: Fourier amplitude spectrum of the initial displacement profile
of the nanowire.
where k is the wave number of the excited acoustic mode in the x - direc-
tion. The assumption implicit in Eq. 4.5 is that each k mode has an equal
probability of being excited. But, only modes with wave numbers |k| < 8/σ
are excited with a significant amplitude as shown in Fig 4.12. Depending on
the whether the wave number k is positive or negative, each mode propagates
along the length of the nanowire towards +x and −x direction as a plane
wave resulting in the following incident wave-packet
ψI(x, t) = ψ
+x





















where τ represents the damping in the system and the dispersion relation























where the first and second terms represent wave-packets traveling in +x
and −x direction respectively. We infer from Eq. 4.7 that the wave-packet
travels towards x = ± L/2 from the region of excitation (x = 0) at a group
velocity Vg ∼ β. At time t ∼ L/2β, there is a possibility that a fraction of the
incident wave-packet (R) gets reflected from the nanowire boundaries. To
physically model the reflection from the nanowire boundaries, we introduce
pseudo wave-packets into the system at time t = 0 and a distance x =
± L using the mirror symmetry as shown in Fig. 4.13. The reflected wave-
packets can be readily obtained by simply modifying Eq. 4.13 with a reflection
coefficient R and phase φ as






















The total displacement at any position along the length of the nanowire
(−L/2 < x < L/2) is therefore obtained by ψ(x, t) = ψI(x, t)+ψR(x, t, L). In
our experiments, the excited wave-packet is detected through a convolution
with the probe beam intensity profile Ipr(x). The detected signal can then
assumed to be proportional to the following relation













Figure 4.13: Schematic illustrating the amplitude of the excited
wave-packet and the reflected wave-packet at time t = 0 and t = L/2Vg
along the length of the nanowire.
Figure 4.14: Schematic illustrating the train of pulses at a particular
repetition rate fR.
Since the pump and the probe beams have identical intensity profiles, we


















where x0 is the spatial offset between the pump and probe beams. If we
substitute the expression for ψI(x, t) and ψR(x, t) from Eq. 4.7 and Eq. 4.8











































where the first two terms correspond to the incident wave-packet ψI(x, t)
and the last two terms correspond to the reflected wave-packet ψR(x, t). We
note that the pump and probe beams are obtained from a pulsed femtosecond
laser with a repetition rate fR = 74.8 MHz as shown in Fig. 4.14. But
Eq. 4.10 represents the signal only from a single pulse. The total signal









If we substitute the expression for ∆r(t) (see Eq. 4.10) into the above
summation, we find the contribution from previous pulses drops exponen-
tially with increasing value of n. We can discard the contribution from any
previous pulse with n > N if τfR/N << 1. Physically this means the con-
tribution from any pulse prior to n = N is completely attenuated in time
t = n/fR and therefore cannot be detected.
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4.4.1 Wave-Packet Visualization
The wave-packet visualization helps to develop a physical intuition behind
the effect of parameters such as the group velocity β, damping time τ and the
dispersion relation ω(k) on the experimentally measured acoustic response.
By numerically evaluating the integral equations derived in the previous sec-
tion (Eq. 4.6 - 4.14), we can construct the shape and amplitude of the wave-
packets ψI(x, t) as a function of x and t.
Figure 4.15: Normalized amplitude (arbitrary units) of ψI(x, t) over the
spatial extent of the nanowire at different delay times. The calculations are
done using Eq. 4.7 for L = 30µm, σ = 5.5µm, τ = 10 ns,
ω(k) = 2.7 k + 45.17 GHz with the wave number k in µm−1.
Figure 4.15 shows the incident wave-packet obtained using Eq. 4.7 at dif-
ferent delay times for a nanowire that spans -15 µm < x < 15 µm with spot
size σ ∼ 5.5µm and damping time τ ∼ 10 ns. Initially, at time t = 0 ns,
ψI(x, t) is a Gaussian wave-packet centered at x = 0 due to the intensity
profile of the pump beam. For time t > 0, ψI(x, t) splits into two identical
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wave-packets, each propagating towards the boundary of the nanowire with a
group velocity Vg ∼ β. We also note that ψI(x, t) fluctuates in sign between
different delay times due to the oscillatory nature of the strain field induced
by the excited acoustic phonon. For the nanowire geometry just described,
the frequency of oscillation is given by ω(k) = 2.7 k + 45.17 GHz with the
range of k′s being excited shown in Fig. 4.12. Further, the peak amplitude of
the wave-packet decreases with time due to the presence of damping mecha-
nisms such as Akhiezer and boundary scattering. The shape of the Gaussian
wave-packet (FWHM), however, remains the same as it propagates along the
length of the wire.
We obtain a realistic approximation of the actual signal measured during
experiments upon evaluation of ∆rT (t) given by Eq. 4.12. Therefore, in
order to understand the effect of a particular parameter (say β), we perform
a parametric study where Eq. 4.12 is evaluated by varying β but keeping the
remaining parameters constant. We limit our discuss to three key parameters:
α, β and τ . For the subsequent calculations, it is assumed that the spot size
σ = 5.5 µm and the reflection coefficient R = 0.
Effect of Dispersion (α)
To understand the effect of α, we simulate a scenario where the incident wave-
packet ψI(x, t) is detected using a spatially offset probe beam. We evaluate
Eq. 4.12 with two different dispersion relations: (i) ω(k) = 2.7 k + 45.17 GHz
and (ii) ω(k) = 0.31 k2 + 2.7 k + 45.17 GHz. Figure 4.16 (a) and (b) shows
the resulting acoustic response for the linear and the quadratic dispersion
relations respectively. We find that, for linear dispersion relation, the peak
amplitude decreases due to damping (τ) but the wave-packet maintains the
shape (FWHM) as it travels through the nanowire but. On the other hand,
for the quadratic dispersion relation, the FWHM of the wave-packet increases
as it travels through the nanowire. This occurs due to the dependence of
group velocity on the wave-number k for a quadratic dispersion relation as
given by Vg =
dω
dk
= 0.62 k + 2.7.. Since we excite a range of modes with
different wave-number k (see Fig. 4.12) based on the spot size σ, modes with
different k values propagate with difference group velocities. This results in
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the broadening of the wave-packet as it propagates through the length of the
wire.
(a) ω(k) = 2.7 k + 45.17 GHz with the wave number k in µm−1.
(b) ω(k) = 0.31 k2 + 2.7 k + 45.17 GHz with the wave number k in µm−1.
Figure 4.16: Evolution of the wave-packet excited at x = 0 as it propagates
through the length of the nanowire. The wave-packet can be detected at
different positions by using a probe beam spatially offset from the pump
beam with x0 = 0, 10, 20 and 30 µm. The calculations are done using the
∆rI(t) part of Eq. 4.11 with L = 30µm, σ = 5.5µm and τ = 10 ns.
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Effect of Damping Time (τ)
To understand the effect of damping time τ on our experimental measure-
ments, we evaluated Eq. 4.12 at three different damping times, τ1 = 1, τ2 = 3
and τ3 = 10 ns. Figure 4.17(a) and (b) plots the resulting acoustic response
in time and frequency domain respectively. As expected, the decay rate of
the acoustic amplitude, and consequently the spectral line-width increases
at lower damping times. Given that the acoustic response varies with the
damping time as ∼ exp(−t/τ) (see Eq. 4.12), the spectral line shape is a
Lorentzian. The full width at half maximum (FWHM) due to the damping







Figure 4.17: Acoustic response evaluated using Eq. 4.12 at three different
damping times τ1 = 1, τ2 = 3 and τ3 = 10 ns.
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Effect of Group Velocity (β)
To understand the effect of group velocity β on our experimental measure-
ments, we evaluated Eq. 4.12 at three different group velocities, β1 = 0,
β2 = 1.25 and β3 = 2.5 µm/ns while other parameters (σ, τ, α and γ) are
kept constant. Figure 4.18 (a) and (b) show the resulting acoustic response
in time and frequency domain respectively. As discussed earlier, the acoustic
amplitude decreases in time for a non-zero group velocity. The rate of decay
increases with the magnitude of β. Similarly in the frequency domain, a
higher group velocity decreases the peak amplitude and increases the broad-
ening of the spectral line-width. From Eq. 4.11, we can infer that ∆r(t)
varies as exp(−β2t2) and hence the spectral line shape would be a Gaussian
(see Fig. 4.18). The full width at half maximum (FWHM) due to a non-zero





In an actual experiment, the broadening of the spectral line-width (Γexp)
is caused by both the damping time and the group velocity
Γexp = Γτ + Γβ. (4.15)
Despite the difference in spectral line shapes (Gaussian for group velocity
; Lorentzian for damping time), it is not possible to quantitatively decom-
pose the observed line-width broadening into individual contributions from
damping time and group velocity. A visual inspection of Fig. 4.17(b) and
Fig. 4.18(b) shows that even a qualitative differentiation between the ef-
fects of a higher group velocity (see Fig. 4.17(b)) and a lower damping time
(see Fig. 4.18(b)) is difficult. But, with the FEM framework presented in
Section 4.3, it is possible to reliably estimate of β, thereby obtaining Γβ.
For the lower frequency modes (flexural or shear), we find that the group
velocity alone completely explains the experimentally observed line-width
(Γexp ≈ Γβ). This implies that the damping time for the lower frequency
modes is much larger than the measurement window (τ >> 3.5 ns). On
the other hand, the higher frequency fundamental mode and its harmonics
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are stationary (see Fig. 4.11(a)) , therefore Γβ ≈ 0. Due to the absence of
a group velocity, the experimentally observed line-width can now be corre-
lated with the damping time, Γexp ≈ Γτ . Any further discussion regarding
the damping times in the subsequent sections is meant exclusively in context
with the higher frequency modes. We note that the expressions for spectral
line-widths given in Eq. 4.13 and Eq. 4.14) are an over simplification. In
the actual experiment, the simultaneous excitation of multiple polarization




Figure 4.18: Acoustic response evaluated using Eq. 4.12 at three different
group velocities β1 = 0, β2 = 1.25 and β3 = 2.5 µm/ns.
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4.5 Extracting Phonon Lifetime
In comparison to the membranes (see Section 3.2), the extraction procedure
for phonon lifetimes in nanowires is much more complicated. Unlike the
excitation of a pure frequency dilatation mode, the acoustic response now
comprises of a mixture of lower frequency propagating modes and higher
frequency stationary modes. Moreover, the frequencies are so closely spaced
(∆ν < 20 GHz) that any sort of filtering process introduces phase distortion
in the signal. Therefore, the possibility of obtaining the phonon lifetime
while working with the acoustic signal in time domain is ruled out.
4.5.1 Frequency Domain
We employ a frequency domain approach where the phonon lifetime is ob-
tained by fitting the spectral line shape of the acoustic mode. In Section 4.4,
we derived an analytical expression for the time domain acoustic response of

















We let I(n) denote the nth term inside the above summation. An analytical



























where we have assumed the reflection coefficient R = 0 and Erfc is the
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The arguments of the complimentary error function x+ and x− are given
by
x+ =




8nβ3τ + βσ2fR(1− jωτ + jγτ)
4β2τσfR
. (4.20)
In order to estimate the phonon lifetime time τ , we fit the frequency re-
sponse from Eq. 4.16 to the spectral line-shape of each harmonic observed in
our experimental data. Assume that for a particular frequency of the acous-
tic mode ω0 , the experimentally obtained spectral line-shape is given by y.




∥∥∥f −∆r̃T (ω)∥∥∥2 . (4.21)
Obtaining the phonon lifetime by performing an exhaustive grid search
is computationally intractable, particularly since evaluating Eq. 4.16 with
different combinations of τ is expensive. We therefore use a Bayesian op-
timization (BO) technique [85] which minimizes the objective function y
(Eq. 4.21 in our case) with least number of function evaluations.
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4.5.2 Bayesian Optimization Algorithm
We refer the reader to Snoek’s work [86] for a detailed discussion on the
algorithm outlined here. The BO algorithm involves creating a surrogate
model ŷ of the objective function y that is easier to evaluate. A Gaussian
process (GP) framework is widely used to model surrogate functions. Given
k known evaluations of the objective function yk = (y1, y2, ..., yk) at xk =
(x1, x2, ..., xk), we assume that the joint probability distribution of these k











where Q is a k × k covariance matrix whose coefficients are given by
Qij = κ(xi, xj) = σ
2
fexp




where κ is the squared exponential kernel, σf and l are the hyper-parameter
of the kernel obtained using maximum likelihood estimation (MLE). After
having observing the data (yk,xk), it is possible to make m new predictions
ŷm given input xm with uncertainty. With several mathematical manipula-
tions (not detailed here), we can derive the following result
p(ŷm|xm,xk,yk) = N (ŷm|µ,Σ), (4.24)
where N refers to the multivariate normal distribution with mean µ and




Σ = Qmm −QTmQ−1m Qm, (4.26)
where Qm = κ(xk,xm) and Qmm = κ(xm,xm). Effectively, the BO algo-
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rithm works iteratively by requesting evaluations of the objective function
y at a sequence of points (x1, x2, ..., xk) and then updating the surrogate
function ŷ using the posterior estimate given by Eq. 4.24. To accelerate
the convergence of the BO algorithm, the observed data (xk,yk) is carefully
selected using an acquisition function. An example of such a standard acqui-
sition function is the Expected improvement criterion defined as
EI(x) = E
[
max{y† − ŷ, 0}
]
, (4.27)
where E refers to the expectation and y† is the minimum value of the
objective function among yk = (y1, y2, ..., yk) observed so far. The objective




For a pseudo-code of the algorithm outline above, see Algorithm 1.
Algorithm 1 Bayesian Optimization Algorithm
Set maximum number of iterations to C.
i = 1
Evaluate y at d seed points (x1, x2, ..., xd)
while i < C do
Set y† as the minimum among the observed values of y
Obtain a posterior estimate of ŷ using Eq. 4.24
Use acqusisition function (Eq. 4.27 - 4.28) to find the next evaluation
point
i = i + 1
end
return y†
After every iteration, the BO algorithm improves its knowledge of the
objective function with a posterior update (Eq. 4.24). Figure 4.19 shows the
evolution of the surrogate function ŷ at different iterations.
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(a) Iteration = 1.

































(b) Iteration = 3.
































(c) Iteration = 30.
Figure 4.19: Evolution of the Bayesian Optimization algoirthm over 30
iterations.
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Figure 4.20 illustrates the efficacy of the BO algorithm in fitting the life-
times of higher frequency harmonics for a nanowire sample.
(a) ν1 = 58.14 GHz
(b) ν2 = 76.72 GHz
Figure 4.20: Using the BO alogirthm, the experimental observed frequency
spectrum is fitted with Eq. 4.16 to obtain the phonon lifetime.
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4.6 Nanowire Roughness Characterization using
AFM
Quantitative evaluation of boundary scattering in silicon nanowires requires
a thorough characterization of the surface morphologies. Using an atomic
force microscope (AFM), we measured the RMS roughness η and correlation
length L at the top surface of the nanowire array. We used Asylum Research
Cypher AFM in tapping mode and a tip with <10 nm radius, 17 µm height,
10 ◦ conical angle at the apex and 40 N/m force constant. A typical scan
is performed at 2.5 Hz over 5 × 5 µm region with 512 × 512 points so that
the spatial resolution is ≥ 10 nm. The topography data recorded during the
scan is flattened using a first-order plane fit to remove scanning artifacts. The
occasional collapse of wires under the force exerted by the tip is mitigated
by adjusting the drive amplitude of the AFM cantilever.
Figure 4.21(a) shows the surface topography of a nanowire array with
width = 364 nm and pitch = 561 nm. The sub-µm trench between the
individual wires is ≥ 600 nm in vertical height. The AFM tip is unable
to penetrate the trench due to its high aspect ratio. This, combined with
the dilation effect caused by the conical shape of the AFM tip make rect-
angular cross-section nanowire appear trapezoidal (see Fig. 4.21(b)). For
the same reasons, we are unable to measure the roughness on the sidewalls
of the nanowire. Figure 4.21(b) also shows that edges of the nanowire are
rougher in comparison to the inner portion (probably due to RIE etching
process). To quantify the lateral variation in roughness, we extract surface
profiles ζ(y) along the length of the nanowire at different positions across the
width (−w/2 < x < w/2). Figure 4.22 plots the surface profiles for a rep-
resentative nanowire sample in the manner just described. We find that the
edges of the nanowire (∼9.7 nm) could be 5.7 times rougher in comparison
to the center (∼1.7 nm). While the quantitative difference between the RMS
roughnesses is not always so significant, the edges of the nanowire are found
to be consistently rougher across different samples.
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(a) 2D contour plot of the surface topography of a silicon nanowire array with width = 364
nm and pitch = 561 nm. The y direction corresponds to the length of the nanowire.
(b) 3D Rendering of the surface topography of the nanowire array shown above.








Figure 4.22: Surface height profiles along the length of the nanowire (L) at
different positions across the width (w). The blue and red color correspond
to the minimum and maximum RMS roughness value as shown in the
legend. For clarity, the roughness profiles are horizontally offsetted (x-axis)
according to their position across the width.
From the surface roughness profile ζ(y) , we also compute the autocorre-
lation function (ACF). The decay of the ACF is fitted with an exponential
distribution of the form C(r) = exp(−|r|/L) to obtain the correlation length
L. Figure 4.23 plots the ACF and the fitted exponential distribution for
roughness profiles at different positions across the width of the nanowire
(−w/2 < x < w/2). Unlike the RMS roughness, there is no consistent ev-
idence for the correlation length to be higher at the edges of the nanowire.
To better understand the variability in RMS roughness η and the correla-
tion length L, we perform a similar characterization for different samples. A
summary of the surface statistics aggregated over 72 roughness profiles mea-
sured across 5 different samples is presented in Fig. 4.24. A summary of the
surface statistics aggregated over 72 roughness profiles obtained from 5 dif-
ferent samples is presented in Fig. 4.24(a) and (b). Notice that the measured
RMS roughnesses follow a bimodal distribution which can be approximated
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using a mixture of two Gaussians with mean roughness < η1 >= 1.1 and
< η2 >= 3.9 nm respectively. Similarly, we can approximate the correlation
statistic using a Gamma distribution.
(a) x ∼ -0.5w (b) x ∼ -0.29w
(c) x ∼ -0.14w (d) x ∼ 0
(e) x ∼ 0.14w (f) x ∼ 0.36 w
Figure 4.23: Autocorrelation curves for the surface roughness profiles fitted
with an exponential function C(r) = exp(−|r|/L).
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(a) The solid blue and green lines represent normal distribution fit to the roughness
statistic.
(b) The solid black line represent gamma distribution fit given by Γ(1.253, 91.732)
to the correlation statistic.
Figure 4.24: Histogram showing the distribution of RMS Roughness (η)
and Correlation length (L) across different samples.
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4.7 Results and Discussion
Figure 4.25 plots the measured phonon lifetimes τ in silicon nanowires for
the fundamental breathing mode and its higher harmonics. For reference, we
also show the measured phonon lifetimes from our previous work on silicon
membranes [12].
Figure 4.25: Measured phonon lifetimes for silicon membranes [12] and
nanowires.
While the phonon lifetime decreases with frequency, as expected, the vari-
ance in τ for nanowires is significantly higher in comparison to membranes.
For example, at frequency ν ∼ 21±2 GHz, the coefficient of variance for τ in
silicon membranes and nanowires is 22.8 and 67.3 percent respectively. With-
out understanding the reason behind the increase in variance and naively
fitting a frequency trend to the data, we find (erroneously) that the phonon
lifetimes in nanowires vary as τ ∼ ν−0.5. Although, obtaining any sort of
frequency trends from a data set with such high variance is prone to erro-
neous inferences, we can conclude with certainty that the nanowires exhibit
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a weaker frequency dependence in comparison to membranes. This is also
evident from the fact that at frequencies ν < 50 GHz, the phonon lifetimes in
membranes are ∼ 6 times higher, but at ν ≥ 100 GHz, the phonon lifetimes
are not markedly different.
To understand the variance in phonon lifetimes for silicon nanowires, we
adopt a more multi-variate approach where we highlight the differences be-
tween different samples in terms of dimensions (w, t), RMS roughness (η)
and correlation length (L). Specifically, we draw attention to the fact that
the data presented in Fig. 4.25 is an aggregation of experimental measure-
ments over three different batch of nanowire samples (with slightly different
fabrication methods). Figure 4.26 plots the experimental data color-coded
with respect to the batch of the nanowire sample. A look up table with the
corresponding information about nanowire width, RMS roughness and cor-
relation length is presented in Table 4.2. We note that the thickness of the
nanowire (193-200 nm) does not change significantly across different batch
of nanowires samples and is therefore not included.
Figure 4.26: Measured phonon lifetimes for silicon membranes [12] and
nanowires color coded with respect to the batch of nanowire sample.
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Table 4.2: Summary of width, RMS roughness and correlation length across
different batch of nanowire samples.
Batch ID Width L† η* η/λ
(nm) (nm) (nm)
 1543 - 2932 44 - 318 0.9 - 3.3 0.007 - 0.084
 544 - 1460 133 - 646 1.7 - 9.7 0.013 - 0.197
 122 - 280 13 - 107 0.6 - 3.4 0.001 - 0.060
N NA 6 - 77 0.6 - 1.6 0.001 - 0.022
†Correlation Length
*RMS Roughness
Table 4.2 clearly suggests that the most significant variation across dif-
ferent samples exists in terms of the nanowire width. To allow a direct
comparison across different samples and better understand the frequency de-
pendence of phonon lifetimes, we need to compensate for the difference in
nanowire widths. Figure 4.26 shows that the phonon lifetimes for  samples
(w = 1543 - 2932 nm) are significantly higher compared to  (w = 122 -
280 nm). Therefore, we can infer that the phonon lifetimes are positively
correlated with the width of the nanowire. Now the contribution of nanowire
width to the phonon lifetime can be eliminated by considering the width and
thickness of the nanowire as independent boundary scattering mechanisms.
From Section 3.4, we recall that the phonon specularity and correspondingly












For silicon nanowires, the total boundary scattering lifetime can be es-
timated by adding the contribution from the width and thickness of the











where the superscript w and t represents the width and thickness of the









where we have assumed different specularities pw and pt for the width and
thickness of the nanowire respectively. In our experiments, the nanowires
have been fabricated using the Bosch process which involves deep reactive
ion etching (RIE). Therefore, we expect the sidewalls of the nanowire to
be significantly rougher in comparison to the top surface and consequently









where the transition from specularity to RMS roughness is achieved using









The boundary scattering contribution from the width and thickness can be
effectively decoupled by inverse normalization of the measured phonon life-
times with the factor inside big square brackets. Now as discussed in Section
4.6, we were unable to directly probe sidewall roughness of the nanowire using
AFM measurements. However, since it is reasonable to assume that the sur-
face morphologies of the nanowire edges and sidewalls would be qualitatively
similar, we can obtain an approximate estimate of the sidewall roughness.









where < η1 > and < η2 > are the mean values of the normal distribution
used to fit the statistics of surface roughness measurements (see Fig. 4.24(a)).
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Figure 4.27 plots the phonon lifetimes inverse normalized with 1+ft/w.
Figure 4.27: Measured phonon lifetimes normalized with respect to the
width of the nanowire. Notice that the variance in phonon lifetimes is
significantly reduced in comparison to Fig. 4.26.
It is remarkable that a simple inverse scaling derived based on the assump-
tion that width and thickness act as independent scattering mechanisms sig-
nificantly reduces the variance in phonon lifetimes. Any remaining variance
(after normalization) in the phonon lifetimes can be attributed solely to the
statistical spread in surface roughness. Further, we observe that the phonon
lifetime τ actually obeys a ν−1.7 dependence, instead of the ν−0.5 discussed
earlier, in the entire frequency range 18 < ν < 200 GHz. To quantita-
tively assess the effect of boundary scattering in silicon nanowires, we use
the Ziman approach (discussed in Section 3.4). The total phonon lifetime is
again obtained by addition the the contribution from Akhiezer and boundary
scattering using the Matthiessen’s rule as




Figure 4.28: Measured phonon lifetimes normalized with respect to the
width of the nanowire. the solid blues lines show the total phonon lifetime
obtained by adding the contribution from Akhiezer and boundary
scattering.
Figure 4.28 replots the normalized phonon lifetime data. We use Eq. 4.35
to evaluate the total phonon lifetime (solid gray area) for a range of RMS
roughness η ∼ 1.1− 2 nm. We find that the phonon lifetime across different
nanowire samples lie within the shaded gray region. There is good overall
agreement between the normalized phonon lifetimes and theory in terms of
magnitude. But the observed frequency dependence τ ∼ ν−1.7 is weaker in
comparison to the predictions of Ziman approach (τ ∼ ν−2). In fact, any
wave scattering approach (including perturbation) based on single scatter-
ing (or equivalently first Born approximation) cannot explain a frequency
dependence weaker than τ ∼ ν−2. This suggests that the introduction of
additional surfaces in a nanowire which are significantly rougher in compar-
ison to the membranes results in weak localization of phonons. Further, an
in-depth theoretical interpretation of the measured phonon lifetimes requires
incorporating the effects of multiple scattering.
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4.8 Conclusions
In conclusion, we employed a femtosecond laser to perform pump-probe
measurements on silicon nanowires with thickness t ∼ 196 nm and width
w ∼ 122 − 2932 nm. The measured phone lifetimes decrease rapidly from
τ = 2 ns at ν = 18 GHz to 50 ps at 200 GHz. We find that the phonon
lifetimes for nanowire are significantly lower, in comparison to the mem-
brane, particularly at ν < 100 GHz. The reduction in phonon lifetimes
is attributed to the additional surfaces introduced in a nanowire that are
significantly rougher. The interaction of excited acoustic phonons with the
multiple surfaces of a nanowire make the data interpretation difficult. Us-
ing AFM, we obtained detailed statistics of the nanowire surface roughness
and correlation length. We show that the boundary scattering contributions
from width and thickness of the nanowire can be effectively decoupled us-
ing a remarkably simple normalization scheme. The predictions from Ziman
approach are in good quantitative agreement with the normalized phonon
lifetimes but do not explain the frequency dependence. In fact, the τ ∼ ν−1.7
dependence observed in our experiments is suggestive of weak-phonon lo-




CONCLUSION AND FUTURE WORK
The dissertation provides a detailed understanding of surface scattering ef-
fects on the specularity of acoustic phonons in silicon nanosructures. It is
worth noting that, unlike typical experiments where specularity is interpreted
from thermal conductivity data, our spectroscopic measurements are more
direct. We fabricated ultrathin (∼ 36 - 205 nm) suspended silicon membranes
to coherently excite longitudinal acoustic phonons in the frequency range ∼
20 - 118 GHz. Phonon surface scattering dominates intrinsic Akhiezer damp-
ing at frequencies ν > 60 GHz. We obtain detailed statistics of the surface
roughness at the top and bottom surfaces of membranes using HRTEM imag-
ing. After correcting the TEM statistics for projection errors, we find that
the specularity of the excited modes are in good agreement with solutions of
perturbation wave scattering. Further, the Ziman formula (or equivalently
Kirchhoff approximation) for phonon specularity also appears in good agree-
ment with the data, contradicting previous results.
It is remarkable that elementary wave scattering approaches such as Zi-
man and perturbation could explain the phonon-boundary interactions in a
membrane. But, more stringent assessment of the theories lies in predicting
the interaction of phonons with more practical geometries such as a rough
waveguide. We therefore extended the study of the surface scattering to sil-
icon nanowires. We observe that discrete breathing modes with harmonics
up to the 10th order can be excited in silicon nanowires, thereby pushing the
observed frequency range to ∼ 200 GHz. At frequencies ν < 100 GHz, the
specularity measured for nanowires is significantly lower in comparison to
membranes. The apparent reduction in specularity is caused by additional
scattering due to multiple surfaces introduced in the nanowire. We provide
empirical and theoretical evidence that there exists a non-dimensionalization
scheme which can effectively decouple the contribution from individual sur-
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faces. While the magnitude of normalized phonon lifetimes can be ex-
plained within the Ziman approach, the observed frequency dependence is not
well understood. The measured phonon lifetime (post normalization) obeys
τ ∼ ν−1.7 dependence which cannot be explained using a single scattering (or
equivalently first Born approximation) approach. In fact, a comprehensive
review of existing literature on wave scattering suggests that the experimen-
tal data is indicative of weak localization of phonons.
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Figure 5.1: Specularity parameter versus frequency for η = 0.6, 1.0 and 1.6
nm. For each shaded region, the top edge corresponds to L = 5 nm whereas
the bottom edge corresponds to infinite L. We note that the specularity
parameter shown here is calculated using perturbation approximation
which is strictly valid only for kLL << 1 and consequently p 1. The
prediction of a near-zero specularity for ∼ THz frequency phonons actually
rests on an extrapolation which is largely experimentally untested.
Next, we discuss the practical implications of our experimental results on
silicon nanostructures. We provide a quantitative guidance for the interac-
tion of sub-THz phonons with rough surfaces which is the most dominant
mechanism controlling heat conduction in ultrathin films for nanoelectronics.
Surface scattering also provides an alternative approach for selective tailor-
ing of electron vs phonon transport in thermoelectrics. But perhaps most
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exciting is the possibility of observing stronger phonon localization through
a combination of surface scattering and volumetric defects. Such an ex-
perimental realization would enable the development of novel generation of
phonon filters that are completely different in design from the existing filters
based on periodic structures.
While we report experimental data for acoustic phonons in ∼ GHz range,
room temperature thermal transport is dominated by phonons at & 1 THz
frequencies which is a more challenging target for future experiments. Fig-
ure 5.1 uses the perturbation theory to calculate the specularity of longi-
tudinal phonons at frequencies higher than those measured here. We note
that the assumption of small perturbation is suspect when η
λ
exceeds ∼0.05,
which is the case when p → 0 in these calculations. However, the calcula-
tions can be considered as an upper bound on specularity. The prediction
of a non-zero specularity for a ∼1 THz phonon incident on low-roughness
surface presents an interesting target for future investigations. If confirmed
experimentally, this might imply that treating surfaces as diffuse scatterers





A.1 Recipe Details for Lithography, Etching and
Deposition
We used the high purity ultrathin 8 inch silicon-on-insulator (SOI) wafers
(SOITEC - UNIBOND - 42.8 Ω.cm) as the starting material for fabrication.
The thicknesses of the device layer, buried oxide and the silicon substrate
are 205 nm, 410 nm and 700 µm respectively.
A.1.1 Spin Coating E-beam Resist
We first spin coat a thin layer of e-beam resist (950K PMMA A2 MICROCHEM)
on a SOI wafer with the Headway spinner at the Micro & Nanotechnology
Lab (MNTL) cleanroom facility using the following recipe
1. Spin at 500 rpm for 5 seconds with a ramp of 250 rpm/second
2. Spin at 2000 rpm for 70 seconds with a ramp of 1000 rpm/second
3. Spin at 0 rpm for 0 seconds with a ramp of 1000 rpm/second
Pre-bake the sample at 180◦ C for 7 minutes. Typical resist coating as
measured from ellipsometry is ∼ 100 - 110 nm.
A.1.2 Maskmaking
We draw an array of silicon nanowire pattern (see Fig. A.1) using the KLay-
out editor software which serves as a mask for electron-beam lithography. We
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use rectangular and line feature shapes for thicker (> 200 nm) and thinner
(< 100 nm) nanowires respectively. We pattern rectangular areas on either
side of the nanowire array to achieve more consistent BOE etching later in
the fabrication process.
Figure A.1: Section of a mask drawn using KLayout editor showing the
silicon nanowire pattern. The hatched purple pattern shows the area under
exposure. The nanowire pattern obtained after the fabrication process are
the complement (or negative) of this pattern.
A.1.3 E-beam Lithography
We use the Raith eLine system at the Materials Research Laboratory (MRL)
to perform exposure with the electron beam. The exposure parameters used
during the process are
1. Vac = 10 kV as the accelerating voltage for the electron gun
2. Aperture size = 30 µm
3. Beam current ≈ 0.14 nA (as measured at the Faraday Cup)
4. Working distance = 7 mm
5. Area exposure = 100 µAs/cm2; Line expoure = 300 µAs/cm
86
We adjust the area step size (0.01 - 0.02 µm) in x and y directions to make
sure that beam speed stays within ∼ 7 -11 mm/s. Typical exposure time for
200 devices is ∼ 16 minutes.
Development
The exposed patterns are developed in a 1:3 (parts by volume) solution of
Methyl isobutyl ketone (MIBK) and isopropyl alcohol (IPA) for 90 seconds.
(Not critical) The development step is followed by rinsing the sample in just
the IPA solution for another 90 seconds.
Hardbake
Before proceeding to the etching step, we hardbake the sample at 100◦ C for
75 seconds.
A.1.4 RIE Etching
We use the STS advanced silicon etcher system (ICP RIE) at MNTL to
cut through the device layer thickness from the exposed regions of the sam-
ple. To achieve a high anisotropic etching behavior, we use a DRIE Bosch
process recipe that involves 3 cycles of etching and passivation as described
below
1. Etching Cycle (4.5 seconds)
• Flow rate SF6 = 130 sccm
• Flow rate O2 = 13 sccm
• ICP Coil Power = 300 W
2. Passivation Cycle (3 seconds)
• Flow rate C4F8 = 110 sccm
• ICP Coil Power = 200 W
87
A.1.5 PMMA Lift-off
Inside the RIE chamber, the PMMA gets hardened because the plasma etch-
ing process raises the temperature locally on the resist surface. Therefore,
the lift-off for PMMA in performed in two steps :
1. Remover PG
• Prepare two beakers with Remover PG solution and place them
on a hot plate (set at 150◦ C)
• Fully immerse the sample into the first beaker and keep it for 25
minutes
• Transfer the sample into the second beaker and keep it for addi-
tional 5 minutes
• Take the sample out and place it inside a container with IPA
solution (kept at room temperature)
• Rinse with DI water and blow dry with N2 gun
The above step removes bulk of the e-beam resist. But, a residual layer
of PMMA is still present on the sample. We therefore perform Piranha
clearning.
2. Piranha
• Pour 90 ml of conc. H2SO4 in a glass beaker followed by 30
ml H2O2 (30 %) to form the Piranha solution. The mixture is
exothermic and the temperature can reach unto 120◦ C for a brief
amount of time.
• Dip the sample into the Piranha solution while it is fuming. After
∼ 3-4 minutes, transfer the solution to a hot plate (at 120◦ C) and
keep it for 25 minutes.
• Remove the sample from the Piranha solution and place it inside
a container with DI water




The patterned silicon nanowires are suspended by etching the buried oxide
using a 10:1 buffered oxide etch (BOE) solution as follows
1. Fully immerse the sample into a container with DI water for ∼ 5 min-
utes before putting it into a BOE solution. The patterned areas (see
Fig. A.1) could be < 100 nm, particularly for thin nanowires. It takes
a while for BOE to enter such small constrictions and replace already
existing air due to capillary forces. The DI water fills the gap between
the nanowiere which is then replaced by BOE solution relatively easily.
This step ensures more uniform etching of buried oxide with BOE.
2. Keep the sample inside BOE solution for ∼ 15 minutes. We do observe
that the BOE solution attacks the silicon device layer with a small but
non-zero etch rate (∼ 1 nm/min).
A.1.7 Critical Point Drying
After the buried oxide is removed using the BOE solution, the suspended
silicon nanowires become extremely fragile. The wires cannot be blow dried
using a N2 gun. The careful handling of the sample thereafter is described
below
1. While removing the sample from the BOE container, we hold the sam-
ple from one of the edges and rotate it so that the device layer stays
perpendicular to the solution.
2. Maintain the orientation of the sample and dip it inside a container
with water to remove traces of BOE solution.
3. Transfer the sample into a portable container with IPA solution. (The
orientation of the sample does not matter when inside a solution.)
At any point after the BOE etch, the sample should not be left in
the open to dry.
We then transfer the sample to the Tousimis Samdri-PVT-3D critical point
dryer at the Beckman Institute and perform the following operations in order
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(a) Slow Fill (b) Fill (c) Purge (d) Slow Fill (e) Heat (f) Bleed, and (g)
Vent.
A.1.8 Sputtering
To coat the surface of the nanowire with aluminum (used as a transducer),
the sample is kept inside a sputtering chamber for ∼ 12 hours to reach a high
vacuum level (8 x 10−8 torr). We then introduce high purity Argon (∼ 3
mTorr) into the chamber and strike a plasma with 75 W RF power. With ∼
5 second exposure to the target, we deposit ∼ 13 nm aluminum. The process
of sputtering is conformal and therefore aluminum is also deposited on the
sidewalls of the nanowire. A scanning electron micrograph of the fabricated
nanowires is shown in Fig A.2.
(a) Low Magnification (3K). (b) High Magnification (100K).
Figure A.2: Scanning electron micrograph of a fabricated silicon nanowire
at (a) 3K and (b) 100K magnification. (Length, width, pitch) = 15 µm, 400
nm and 705 nm respectively.
90
APPENDIX B
OPTICAL PROPERTIES OF SILICON
NANOWIRE ARRAYS
We use COMSOL multiphysics software to calculate the optical properties
of a silicon nanowire array with width w, pitch p, thickness t and duty cycle
η = w/p. To accurately measure the phonon lifetime from pump-probe spec-
troscopy data, it is essential to design nanowire arrays with a high reflection
(R) and absorption (A) coefficient at laser wavelength λ = 785nm. Figure
B.1 shows the results for a square cross-section nanowire array at duty cycle
η = 0.5. While there is no smooth variation in R and A with change in width,
we can conclude that a measurement on wires with dimensions lesser than
100 nm would be challenging since there is no absorption. We also explore
the possibility of increasing the absorption in thinner wires by adjusting the
duty cycle (see Fig. B.2) but it does not change the results significantly.
(a) Reflection vs Width. (b) Absorption vs Width.
Figure B.1: Optical characterization of a silicon nanowire array with square
cross-section and duty cycle η = 0.5. The top surface of the nanowire is
sputtered with 13 nm aluminum. The calculations are performed using
COMSOL multiphysics software.
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(a) Reflection vs Duty cycle. (b) Absorption vs Duty cycle.
Figure B.2: Optical characterization of a silicon nanowire array with square
cross-section and different dimensions (30 nm, 50 nm, 70 nm and 110 nm).





The modes of a nanowire are broadly categorized into three distinct polar-
izations (a) flexural, (b) shear and (c) dilatation (or equivalently breathing).
Figure C.1(a) shows that for a square cross-section nanowire, frequency of ev-
ery polarization mode scales inversely with the dimension. More specifically,
the frequency of flexural and shear mode scales inversely with the width (see
Fig. C.2(a)) whereas the frequency of breathing modes scale inversely with
the thickness (see Fig. C.3(a)).
(a) Frequency scaling with the dimension of
the nanowire. The dashed lines are color-
coded with respect to polarization.
(b) Group velocity (∂ω/∂k) of the shear
polarization versus the dimensions of the
nanowire.
Figure C.1: Silicon nanowire with square cross-section.
We also characterize the propagation behavior of the excited acoustic
modes by calculating the dispersion curve (see Section 4.3) and obtaining
the group velocity β. The breathing modes are confined withing the excita-
tion region (β = 0) while the flexural and shear modes propagate along the
length of the wire with a non-zero group velocity. Figure C.1(b) shows that
the group velocity of the shear mode increases with the dimension, specif-
ically width (see Fig. C.2(b) and C.3(b)), of the nanowire. An identical
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analysis for the flexural mode yields qualitatively similar results.
(a) Frequency scaling with the aspect ratio
(w/t) of the nanowire.
(b) Group velocity (∂ω/∂k) of the shear po-
larization versus the aspect ratio (w/t) of
the nanowire.
Figure C.2: Silicon nanowire with rectangular cross-section. The thickness
of the nanowire is constant (205nm) whereas the width varies from 184 -
594 nm.
(a) Frequency scaling with the aspect ratio
(w/t) of the nanowire.
(b) Group velocity (∂ω/∂k) of the shear po-
larization is plotted against the aspect ratio
(w/t) of the nanowire.
Figure C.3: Silicon nanowire with rectangular cross-section. The width of




2D LAMB PROBLEM: EXACT SOLUTION
We reproduce the results from Graff et al. [87] for the dynamic response of
a semi-infinite elastic solid subjected to a time-harmonic force under plane-
strain. Consider a Cartesian coordinate system (x, y, z) where the surface of
a solid and its interior are given by y = 0 and y < 0 respectively. Under
plane strain conditions (∂/∂z = 0), the in-plane deformations of the elastic




















where λ and µ are the Lame′ parameters, ux and uy are the displacement
in x and y directions and ρ is the density of the material. The variables ∆















After several manipulation steps (not shown), we can eliminate ux and uy
from Eq. D.1 and D.2 and rewrite them as
∇2∆ + k21∆ = 0, (D.5)
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∇2W + k22W = 0, (D.6)
where k1 = ω/c1, k2 = ω/c2, c1 and c2 are the longitudinal and shear
velocities in the solid. A line force of unity magnitude is applied along the z
direction and normal to the surface y = 0 given by
P (x, y, t) = δ(x)δ(y)eiωt. (D.7)
Given the harmonic nature of the applied force, we can separate the spatial
and temporal dependence of the displacements as
ux(x, y, t) = ux(x, y)e
iωt, uy(x, y, t) = uy(x, y)e
iωt. (D.8)
A more tractable approach to solve for the displacements ux(x, y) and
uy(x, y) is by taking a Fourier transform of the governing equations with
respect to the spatial variable x. The equations D.5 and D.6 after the trans-
formation are given by
d2∆̂
dy2
− (ζ2 − k21)∆̂ = 0, (D.9)
d2Ŵ
dy2
− (ζ2 − k22)Ŵ = 0. (D.10)




















The solution to the transformed equations D.9 and D.10 are given by
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∆̂(ζ) = A exp(−
√
ζ2 − k21) y) (D.13)
Ŵ (ζ) = B exp(−
√
ζ2 − k22 y). (D.14)
The constants A and B are obtained by enforcing the traction boundary
conditions at the surface y = 0 given by




σxy(x, y = 0) = 0. (D.16)
The boundary conditions in the transformed variable ζ are
σ̂yy(ζ, y = 0) = 1, (D.17)
σ̂xy(ζ, y = 0) = 0. (D.18)












ζ2 − k22 y), (D.20)
where




ζ − k22. (D.21)
By substituting Eq. D.19 and D.20 into Eq. D.11 and D.12, we can obtain















Given that the applied line force is time-harmonic with unity magnitude,
the expression for displacements in Eq. D.22 and D.23 also correspond to the
spectral surface Green’s function G̃xy(ζ, ω) and G̃yy(ζ, ω) respectively.
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